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1. Introduction and preliminaries
The intrinsic square functions were ﬁrst introduced by Wilson in [5] and [6], where he proved that the intrinsic square
functions were bounded operators on the weighted Lebesgue spaces. As a continuation of Wilson’s work, the goal of this
paper is to study the boundedness of intrinsic square functions on the weighted Hardy spaces. Moreover, we will character-
ize the weighted Hardy spaces by the intrinsic square functions. Intrinsic square functions are useful when we analyze the
local behavior of the classical Littlewood–Paley functions. Please refer to [6] for more use of intrinsic square functions.
Throughout the article, we will use C to denote the positive constants, which are independent of main parameters and
may be different at each occurrence. By B1 ∼ B2, we mean that there exists a constant C > 1 such that 1C  B1B2  C .
We ﬁrst give the deﬁnition of intrinsic square functions. For 0< α  1, let Cα be the family of functions φ :Rd →R such
that φ has support contained in {x: |x| 1}, ∫
Rd
φ(x)dx = 0 and for all x, x′ ,∣∣φ(x) − φ(x′)∣∣ |x− x′|α.
For (y, t) ∈Rd+1+ and f ∈ L1loc(Rd), set
Aα( f )(y, t) = sup
φ∈Cα
∣∣ f ∗ φt(y)∣∣.
We deﬁne the intrinsic Lusin area function of f by the formula
Gα( f )(x) =
( ∫
Γ (x)
(
Aα( f )(y, t)
)2 dy dt
td+1
)1/2
,
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Γ (x) = {(y, t): |x− y| < t}.
We can also deﬁne varying-aperture versions of Gα( f ) by
Gα,β( f )(x) =
( ∫
Γβ(x)
(
Aα( f )(y, t)
)2 dy dt
td+1
)1/2
,
where Γβ(x) is the usual cone of aperture β > 0 deﬁned as follows:
Γβ(x) =
{
(y, t): |x− y| < βt}.
The intrinsic Littlewood–Paley G-function and intrinsic G∗λ-function can be deﬁned respectively by
Gα( f )(x) =
( ∞∫
0
(
Aα( f )(x, t)
)2 dt
t
)1/2
and
G∗λ,α( f )(x) =
( ∫
Γ (x)
(
t
t + |x− y|
)λd(
Aα( f )(y, t)
)2 dy dt
td+1
)1/2
.
Similarly, we can deﬁne the following version of intrinsic square functions (which are called similar-looking square
functions in [5]) as follows. For 0< α  1 and  > 0, let C(α,) be the family of functions φ :Rd →R such that for all x,∣∣φ(x)∣∣ (1+ |x|)−d−, (1)
for all x, x′ ,∣∣φ(x) − φ(x′)∣∣ |x− x′|α((1+ |x|)−d− + (1+ |x′|)−d−), (2)
and also satisfy
∫
Rd
φ(x)dx = 0.
Let f be such that | f |(1+ |x|)−d− ∈ L1(Rd). For any (y, t) ∈Rd+1+ , set
A˜(α,)( f )(y, t) = sup
φ∈C(α,)
∣∣ f ∗ φt(y)∣∣.
We deﬁne
G˜(α,)( f )(x) =
( ∫
Γ (x)
(
A˜(α,)( f )(y, t)
)2 dy dt
td+1
)1/2
,
G˜(α,)( f )(x) =
( ∞∫
0
(
A˜(α,)( f )(x, t)
)2 dt
t
)1/2
and
G˜∗λ,(α,)( f )(x) =
( ∫
Γ (x)
(
t
t + |x− y|
)λd(
A˜(α,)( f )(y, t)
)2 dy dt
td+1
)1/2
.
Remark 1. There is a constant c depending only on α, and d, such that cφ ∈ C(α,) whenever φ ∈ Cα .
The classical Ap weight was ﬁrst deﬁned by Muckenhoupt in [3]. Let w be a nonnegative locally L1 integrable func-
tion Rd , we say that w ∈ Ap for 1< p < ∞ if(∫
B
w(x)dx
)(∫
B
w(x)−1/(p−1) dx
)p−1
 C |B|p for every ball B ⊆Rd,
where C is a positive constant independent of B . A nonnegative locally L1 integrable function w satisﬁes the condition A∞
if for given  > 0 there exists δ > 0 such that if B is a ball, E ⊆ B with |E| < δ|B|, then∫
w(x)dx < 
∫
w(x)dx.E B
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1
|B|
∫
B
w(x)dx C · ess inf
x∈B w(x) for every ball B ⊆R
d.
Remark 2. It is well known that a locally integrable function satisﬁes the condition A∞ if and only if it satisﬁes the
condition Ap for some p > 1. Also, if w ∈ Ap with 1< p < ∞, then w ∈ Ar for all r > p and w ∈ Aq for some 1< q < p.
Given a weight function w on Rd , we denote by Lqw(R
d) the space of all functions satisfying
‖ f ‖q
Lqw
=
∫
Rd
∣∣ f (x)∣∣qw(x)dx < ∞.
When q = ∞, L∞w (Rd) will be taken to mean L∞(Rd) and ‖ f ‖L∞w = ‖ f ‖L∞ .
The following result has been proved in [6].
Proposition 1. Let ω ∈ Ap, 1< p < ∞ and α > 0. Then there exists a constant C > 0 such that∥∥Gα( f )∥∥Lpω  C‖ f ‖Lpω ,
where f ∈ Lpω(Rd).
The weighted Hardy spaces H1w(R
d) can be deﬁned in terms of maximal functions. Let ϕ be a function in S(Rd), the
Schwartz space of rapidly decreasing smooth functions satisfying
∫
Rd
ϕ(x)dx = 1. Deﬁne
ϕt(x) = t−dϕ(x/t), t > 0, x ∈Rd,
and the maximal function M f by
M f (x) = sup
t>0
∣∣ f ∗ ϕt(x)∣∣.
Then H1w(R
d) consists of functions f ∈ L1w(Rd) for which M f ∈ L1w(Rd) with ‖ f ‖H1w = ‖M f ‖L1w .
We can characterize the weighted Hardy spaces H1w in terms of atoms as follows.
Deﬁnition 1. Let 1< q∞ such that w ∈ Aq . A real-valued function a is called (1,q)-atom, if
(1) suppa ⊂ B(x0, r),
(2) ‖a‖Lqω ω(B(x0, r))
1
q −1,
(3)
∫
Rd
a(x)dx = 0.
The atomic decomposition for H1w(R
d) is stated as follows (cf. [1]).
Proposition 2. Let 1 < q ∞ and w ∈ Aq. Then f ∈ H1w(Rd) if and only if f can be written as f =
∑
j λ ja j , where a j are (1,q)-
atoms and
∑
j |λ j| < ∞. The sum converges in H1w(Rd) norm and in sense of distributions. Moreover,
‖ f ‖H1w ∼ inf
∑
j
|λ j|,
where the inﬁmum is taken over all decompositions of f into (1,q)-atoms.
We can also characterize the weighted Hardy spaces by the classical Lusin area function as follows (cf. [4, Theorem 2,
p. 86]).
Proposition 3. Let ω ∈ A∞ , φt(x) = t−de−π(|x|/t)2 and F (x, t) = f ∗ φt(x). Deﬁne
S( f )(x) =
( ∞∫
0
∫
|x−y|<t
G(x, y)2
dy dt
td+1
)1/2
,
where G(x, y) = y|∇ F (x, y)|. Then f ∈ H1ω(Rd) if and only if f ∈ L1ω(Rd) and S( f ) ∈ L1ω(Rd). Moreover, we have
‖ f ‖H1ω ∼
∥∥S( f )∥∥L1ω .
124 J. Huang, Y. Liu / J. Math. Anal. Appl. 363 (2010) 121–127The main results of this paper are the following theorems.
Theorem 1. Let f ∈ L1w(Rd), where ω ∈ A1+ αd and  > α. Then f ∈ H1w(Rd) if and only if Gα f ∈ L1w(Rd) or G˜(α,) f ∈ L1w(Rd).
Moreover,
‖ f ‖H1w ∼ ‖Gα f ‖L1w ∼ ‖G˜(α,) f ‖L1w .
Theorem 2. Let f ∈ L1w(Rd), where ω ∈ A1+ αd and  > α. Then f ∈ H1w(Rd) if and only if Gα f ∈ L1w(Rd) or G˜(α,) f ∈ L1w(Rd).
Moreover,
‖ f ‖H1w ∼ ‖Gα f ‖L1w ∼ ‖G˜(α,) f ‖L1w .
Theorem3. Let f ∈ L1w(Rd), whereω ∈ A1+ αd and λ > 3+ 2αd ,  > α. Then f ∈ H1w(Rd) if and only if G∗λ,α f ∈ L1w(Rd) or G˜∗λ,(α,) f ∈
L1w(R
d). Moreover,
‖ f ‖H1w ∼
∥∥G∗λ,α f ∥∥L1w ∼ ∥∥G˜∗λ,(α,) f ∥∥L1w .
The paper is organized as follows. In Section 2, we prove Theorem 1 and Theorem 2. Finally, the proof of Theorem 3 is
given in Section 3.
2. The proofs of Theorem 1 and Theorem 2
In this section, we will prove Theorem 1 and Theorem 2. We ﬁrst give some lemmas that we will use in the sequel.
Let the weighted measure w(E) = ∫E w(x)dx. Then for w ∈ Ap , p  1, w satisﬁes the doubling condition, i.e., there exists
an absolute constant C such that w(2B)  Cw(B). For any ball B and λ > 0, we denote by λB the ball concentric with B
whose radius is λ times as long. We have the following estimate for w(λB) (cf. [2]).
Lemma 1. Let w ∈ Ap, p  1. Then, for any ball B and λ > 1, we have
w(λB) Cλdpw(B),
where C does not depend on B or λ.
Lemma 2. (See [2, p. 412].) Let w ∈ Aq, q > 1. Then, for all r > 0, there exists a constant C independent of r such that∫
|x|r
w(x)
|x|qd dx Cr
−qdw(Br).
The proof of the following lemma can be found in [5].
Lemma 3. Let 0 < α  1 and  > 0. For every α′ satisfying 0 < α′  α and α′ <  , there is a positive constant C(α,α′, ,d) such
that for all f such that | f |(1+ |x|)−d− ∈ L1 , and for all x ∈Rd,
G˜(α,)( f )(x) C(α,α′, ,d)Gα′( f )(x).
Remark 3. In [5], the author proves that Gα( f ) ∼ Gα( f ) pointwise, and points out that similar arguments imply G˜α,( f ) ∼
G˜α,( f ). Therefore, by Lemma 3, we get
G˜α,( f ) ∼ Gα( f ) ∼ Gα( f ) ∼ G˜α,( f )
pointwise for α <  .
Now we are in a position to give the proof of Theorem 1 and Theorem 2.
Proof of Theorem 1 and Theorem 2. By Remark 3, it is suﬃcient to prove∥∥Gα( f )∥∥L1ω  C‖ f ‖H1ω (3)
and
‖ f ‖ 1  C∥∥G˜α,( f )∥∥ 1 . (4)Hω Lω
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atoms a(x), we have∥∥Gα(a)∥∥L1w  C . (5)
We assume a(x) is a (1,2)-atom associated to a ball B(x0, r), i.e., suppa ⊂ B(x0, r). Then, by Proposition 1,∫
B(x0,4r)
∣∣Gα(a)(x)∣∣w(x)dx w(B(x0,4r))1/2∥∥Gα(a)∥∥L2w
 Cw
(
B(x0,4r)
)1/2‖a‖L2w  C . (6)
Let x /∈ B(x0,4r). Then, by suppφ ⊂ {x: |x| 1}, we get
Gα(a)(x)2 =
∞∫
3|x−x0 |
4
(
sup
φ∈Cα
∫
B(x0,r)
φt(x− y)a(y)dy
)2 dt
t

∞∫
3|x−x0 |
4
(
sup
φ∈Cα
∫
B(x0,r)
∣∣φt(x− y) − φt(x− x0)∣∣∣∣a(y)∣∣dy
)2 dt
t
.
By ω ∈ A2, we get
∫
B(x0,r)
∣∣a(y)∣∣dy  ( ∫
B(x0,r)
∣∣a(y)∣∣2ω(y)dy)
1
2
( ∫
B(x0,r)
ω(y)−1 dy
) 1
2
 C |B|
ω(B)
. (7)
By (7),
Gα(a)(x)2  C
∞∫
3|x−x0 |
4
( ∫
B(x0,r)
t−d
(
r
t
)α∣∣a(y)∣∣dy)2 dt
t
 C
( |B|
w(B)
)2
r2α
∞∫
3|x−x0 |
4
t−2(d+α)−1 dt
 C
( |B|
w(B)
)2
r2α|x− x0|−2(d+α).
Thus, by Lemma 2,∫
|x−x0|4r
∣∣Gα(a)(x)∣∣w(x)dx C |B|
w(B)
rα
∫
|x−x0|4r
w(x)dx
|x− x0|d+α  C . (8)
Then (5) follows from the combination of (6) and (8).
Now, we give the proof of (4). Let ϕ(x) = e−π |x|2 , then ϕ ∈ C(1,1) . Therefore, for all x ∈Rd ,
S( f )(x) G˜(1,1)( f )(x). (9)
By (9), we get∥∥S( f )∥∥L1ω  ∥∥G˜(α,)( f )∥∥L1ω . (10)
Then we conclude from Proposition 3 and (10) that
‖ f ‖H1w  C‖G˜(α,) f ‖L1w .
This gives the proof of Theorem 1 and Theorem 2. 
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d) by the intrinsic G∗λ -functions
In this section, we will give the proof of Theorem 3.
Proof of Theorem 3. Since
G˜(α,)( f )(x) Cλ,dG˜∗λ,(α,)( f )(x)
pointwise, by Theorem 2 we only need to prove the following inequality∥∥G˜∗λ,(α,) f ∥∥L1w  C‖ f ‖H1w .
By Proposition 2, it is suﬃcient to prove that there exists C > 0 such that for all atoms a(x), we have∥∥G˜∗λ,(α,)a∥∥L1w  C . (11)
Assume a(x) is a (1,2)-atom associated to a ball B(x0, r). Then
G˜∗λ,(α,)a(x)2 =
∞∫
0
∫
Rd
(
t
t + |x− y|
)λd∣∣ A˜(α,)a(y)∣∣2 dy dt
td+1
=
∞∫
0
∫
|x−y|<t
(
t
t + |x− y|
)λd∣∣ A˜(α,)a(y)∣∣2 dy dt
td+1
+
∞∑
k=1
∞∫
0
∫
2k−1t|x−y|<2kt
(
t
t + |x− y|
)λd∣∣ A˜(α,)a(y)∣∣2 dy dt
td+1
 C
(
G˜(α,)a(x)
)2 + ∞∑
k=1
2−kλd
(
G˜(α,),2ka(x)
)2
,
where
G˜(α,),2ka(x)
2 =
∞∫
0
∫
|x−y|<2kt
(
t
t + |x− y|
)λd∣∣ A˜(α,)a(y)∣∣2 dy dt
td+1
.
Therefore,
∥∥G˜∗λ,(α,)a∥∥L1ω  C‖G˜(α,)a‖L1ω + Cδ
∞∑
k=1
2−
kλd
2 2kδ‖G(α,),2ka‖L1ω ,
where δ is a positive constant such that λ > δ + 3+ 2α/d and Cδ is a positive constant that depends on δ.
By Theorem 1, we have ‖G˜(α,)a‖L1ω  C . In the following, we will prove that
‖G(α,),2ka‖L1ω  C2
3kd+2kα
2 . (12)
At ﬁrst, by Proposition 1
‖G˜(α,),2ka‖L1ω(B(x0,2k+2r)) ω
(
B
(
x0,2
k+2r
))1/2‖G˜(α,),2ka‖L2ω
 C2 kd2 ω
(
B
(
x0,2
k+2r
))1/2‖a‖L2ω
 C2 2kd+2kα2 . (13)
When x /∈ B(x0,2k+2r), similar to the proof of Theorem 1, we can prove
G˜(α,),2ka(x)
2  C2k(3d+2α)
( |B|
w(B)
)2 r2α
|x− x0|2(d+α) .
Therefore, by Lemma 2
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|x−x0|2k+2r
∣∣G˜(α,),2ka(x)∣∣ω(x)dx C2 3kd+2kα2 rα |B|ω(B)
∫
|x−x0|2k+2r
ω(x)
|x− x0|d+α dx (14)
 C2 3kd+2kα2 . (15)
Then (12) follows from λ > 3+ 2αd + δ.
This completes the proof of Theorem 3. 
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